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Abstract 

We show agreements, at one4oop level of field theory, between energies of semiclassical string 
states on AdSs x S 5 /Zm and anomalous dimensions of operators in AT = 0, 1, 2 orbifold field theories 
originating from Af = 4 SYM. On field theory side, one-loop anomalous dimension matrices can be 
regarded as Hamiltonians of spin chains with twisted boundary conditions. These are solvable by 
Bethe ansatz. On string side, twisted sectors emerge and we obtain some string configurations in 
twisted sectors. In SU (2) subsectors, we compare anomalous dimensions with string energies and 
see agreements. We also see agreements between sigma models of both sides in SU(2) and SU(3) 
subsectors. 
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1 Introduction 



Recently, in context of AdS/CFT, energies of semiclassical string states on AdS§ x 5 5 have successfully 
compared with anomalous dimensions of operators in planar M = 4 Super Yang-Mills theory. In [JJ, 
it was shown that energy of semiclassical string states with large angular momentum in AdS§ agrees 
qualitatively with anomalous dimension of twist two operators of M = 4 SYM. On the string side, the 
analysis of semiclassical string states was generalized to cases of strings having angular momentum in 
S 5 in [""J [""]. Then, some kind of semiclassical string states with several large angular momentums in 
S 5 (and AdS*,) have been found to have energies which have analytic expansion in A/ J 2 (A : 't Hooft 
coupling, J: angular momentum) [3J 0"J El El IHj ■ 

On the other hand, it was shown that one-loop anomalous dimension matrix of operators consisting 
only of scalars in N = 4 SYM is identical to a Hamiltonian of 50(6) spin chain which is solvable 
by Bethe ansatzj""]. This was generalized to SU(2,2\4) super spin chain containing full sector of 
operators jl 11 ITU] . Interestingly, integrability is likely to hold at higher loops |2"2"1 1231 124] . Bethe ansatz 
including higher loops were investigated in |251 1261 127j 

The Bethe equations of spin chain are difficult to solve in general. In large number of sites 
limit, these equations are transformed to integral equations and can be solved. Then, the anomalous 
dimensions of the CFT operators can be obtained and these agree quantitatively with the energies of 
the semiclassical strings in SU{2) subsector at one-loop level|12 | I13 [ I14j. Agreement at higher loops 
was investigated in """"3 |2"""j . This agreement holds at 2-loop level but there is discrepancy between 
string and gauge sides at 3-loop level. Some discussions of the origin of this phenomena were done in 
these papers. 

Moreover, an agreement between string and gauge sides was confirmed in the sigma model level |151 
1161 1171 IT51ll9U2U| and general solution level |21|. Other interesting works concerning with semiclassical 
strings, anomalous dimensions and spin chains were done in many papers [3*5] -|45j. 

It is important to generalize the arguments of these agreements or integrabilities to other models. 
There are several simple ways of constructing these models; orbifolding j*"""j or deforming 29 , |"""""] the 
N = 4 case, adding D-branes(open strings) [3T*t 132 ] 133 ] "34"] . etc. (For other models see also |"""""| 117] fSH ] 
I49[ I50 | IKT].) In [28] . integrabilities of orbifold field theories and their deformations from conformal 
fixed point were investigated purely in field theory point of view. 

In this paper, we consider models obtained by orbifolding the N = 4 case. In untwisted sector, 
a story is almost the same as the original case. The matter in orbifold cases is whether boundary 
condition of twisted sector is compatible with integrability or not. If boundary condition does not 
break integrability, it is expected that, using this integrability, we can confirm agreements of string 
and gauge sides even for twisted sector. Indeed, this is the case and what we will do in this paper. 

We analyze C 3 /Zm orbifold cases at one-loop level of field theory. Our analysis is applied to 
M = 0,1,2 cases. We show integrabilities of one-loop anomalous dimension matrix in these models. 
Interestingly, we find that the integrabilities hold even in sectors corresponding to broken global 
symmetries. These sectors are described by solvable spin chains with twisted boundary conditions. 
Then, solving Bethe equations, we show agreements between energies of string states and anomalous 
dimensions of CFT operators in SU{2) subsectors. We also show agreements between sigma models 
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of string and gauge sides in 577(2) and 577(3) subsectors. 

Our paper is organized as follows. In section 2, we consider 577(2) subsectors of N = 2 cases. On 
string side, we construct 2-spin circular strings on AdS^ x 5 5 /Zm- On gauge side, we see integrabilities 
of one-loop anomalous dimension matrices corresponding to 577(2) sectors. This integrabilities hold 
for sectors corresponding to broken symmetries, as well as for a sector corresponding to a global 
symmetry. Then, we show agreements between string energies and anomalous dimensions for rational 
cases. In section 3, we generalize this analysis to 577 (2) subsectors of more general orbifolds including 
M = 0, 1 cases. Then, an agreement between sigma models of both sides is confirmed. In section 4, 
we extend this agreement of sigma models to SU(3) subsectors. In section 5, we conclude this paper. 



We consider C x C 2 /Zm orbifolds in this section. The coordinate of C 3 is (X, Y, Z). There is 50(6) 
rotation symmetry on C 3 . This group have subgroup SU (2) l x SU(2)r x U(1)r. U(1)r is the rotation 
in the Z-plane. (X, Y) forms a doublet of SU(2)l and (X, Y') forms a doublet of SU(2)r. We take 
1iM C SU(2)l and this choice breaks supersymmetry to M = 2. Our orbifold is described as C 3 with 
the following identification, 



The above orbifolding breaks the rotation symmetry to U(1)l x SU(2)r x U(1)r. 

The near horizon geometry of the D3-branes located on the fixed point of the orbifold is AdS§ x 
S /Zfl/f |3*K]. The CFT dual of this background is a J\f = 2 quiver gauge theory. 

2.1 Semiclassical string rotating in S 5 /Z M 

We consider semiclassical string configuration in AdS$ x 5 5 /Zm- Especially, we are interested in 
configurations of twisted sectors. In fact, there are a simple generalization of semiclassical configuration 
in [Jj to solutions in the twisted sectors. In [Jj, they treat the 0(6) x 50(4, 2) sigma model as a bosonic 
part of strings propagating in AdS§ x 5 5 . When considering classical motion of the strings which is 
nontrivial only in 5 5 , the action is reduced to time direction in AdS^ and the 0(6) sigma model. 



2 SU{2) sectors: J\f = 2 cases 



(X, Y, Z) ~ (wX, w~ x Y, Z), w = e 



2m /M 



(1) 



5 



R 2 



I 



drda (hd a t){d a t) - l -(d a X^){d a X^) + \k(X^X^ - 1) 



(2) 



2vra' 



where fj, = 1, . . . , 6 and 



R 4 = ^g s NMa'\ 9qgt = ^9sM. 



(3) 



Hence, the overall factor of the action is = 




. Equations of motion are 



dh = o, d 2 x. + ax„ = o, x.x. = i. 



(4) 



2 



One can take the following ansatz, 

t = kt, X = Xi+ iX 2 = r 1 (a)e i(Ql(<T)+u ' 1T) , (5) 
Y = X 3 + iX 4 = r 2 (a)e i{a2(a)+W2T) , Z = X 5 + iX 6 = r 3 (a)e iMa)+W3r) . (6) 

ri, a. L satisfy the following periodicity conditions. 

ri{a + 2tt) = rj(cr), Ui(a + 2tt) = cti(a) + 2irmi, (7) 

where 

k k 

mi = — + mi, m 2 = -— + m 2 , m 3 = m 3 , rhi E Z, k = 0,1, . . . , M — 1. (8) 

In S" 5 case, m,j takes integer value, but in orbifold case we can take fractional values corresponding to 
twisted sectors. With this difference, remaining arguments is the same as that of S 5 case. 

The most simple examples are circular strings. We consider these configurations now. These 
solutions take the following forms, 

rj(cr) = a% = const, a% = m^cr, A = — v 2 . (9) 

The equations of motion impose the relations between parameters, 



2 2 

Ui = rrii 



+ u 2 , = (10) 



Virasoro constraints become 

3 3 



K 2 



^2 a 2 (uj 2 + m 2 ), ^imi = 0. (11) 



i=l i=l 

A string energy E and angular momentums Jj are expressed in terms of sigma model variables, 

E f da . 
£ = = / — t = K, 



Ji = -± = J ^(X 2i ^X 2i - X 2i X 2l ^) = a 2 oo % . (i = 1, 2, 3) (12) 

J\, J 2 and J3 are the rotations in X, Y, Z-planes respectively. We define a total spin L = X^=i 
The relations ()11|) and ()1U|) can be rewritten in terms of the energy and the spins (|12|). 

3 I -7.1 3 



,S 2 = 2^^m 2 + ^|j- i |_ z ,2 ; ^ bgj =1, £ mit7i = . (13) 
i=l j=l \ m 2 + v 2 i=i 



In order to describe f as a function of mj and J7i, firstly using the second equation we write v as a 
function of mj and J7i in large J = I/vA expansion. Then, inserting this z/ to the first equation, we 
obtain £ as a function of mj, J{. The third equation is imposed at final stage. 
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In orbifold theory, we have to restrict string states to invariant states respect to orbifold action 
e 27ri(Ji-j 2 )_ So, a projection condition is 

J x - J 2 = mod M. (14) 

In order to compare string energies with anomalous dimensions of CFT operators in SU{2) sub- 
sector, we need 2-spin solutions of strings. Here, we firstly consider string configurations extending in 
X and Y directions and then consider configurations extending in X and Z directions. 



Sl,<7 2 / 0, S3 = 0, 0,3 = case The string energy has the following expansion in large J , 

1 777.1 1 1 TTlol 

£ = J + 4^ + -. (15) 

The third equation of (|13j) becomes 

mi Ji + m 2 J 2 = 0. (16) 

When J\ > > J2, m 2 has the same sign as mi. Therefore the parameters rhi should satisfy the 
condition (mi > 0, 7712 > 0) or (mi < 0, 777-2 < 0). The energy has the form, 

E = L+±(m 1 + ±)fa-±). (17) 

In field theory side, by an argument of classical scaling dimension and charges, the CFT operators dual 
to these strings should have J\ Xs and | J 2 \ Y's. This sector correspond to SU(2)r global symmetry 
of the orbifold theory. We will see spin chain corresponding to this sector in sec. 2.2.2. 

When J\^J 2 > 0, then 7712 has the opposite sign to mi. In this case, (mi > 0, 777,2 < 0) or 
(7711 < 0, 777,2 > 0) should be satisfied. The string energy is 

E = L + ^ + ^ + ^ (18) 

where 7712 = so that 7712 has the same sign as 777,1. By an argument of classical dimension and 

charges, these string configurations should correspond to SU(2)i sector consisting of fields X and Y of 
the field theory. The SU(2)l global symmetry of the original theory is broken in the orbifold theory. 
We will see spin chain of this sector in sec 2.2.3. 



JiiJz 7^ 0, J 2 = 0, a 2 = case With replacing m 2 , J 2 by 7713, J% respectively, the equations (|T7))) . 
(fT6|) hold. We assume J±, J3 > 0. In this case, mi = mi + ^, 7773 = 7773, 777j G Z, and (ttii > 0, 777,3 < 0) 
or (777,1 < 0, 7773 > 0) should be satisfied. The energy becomes 

E = L + A( mi + ±)rh 3 , (19) 

where 7773 = —7773, so that 7773 has the same sign as 777,1. These strings should correspond to the 
operators consisting of X and Z. We will see spin chain of this sector in the last paragraph of sec 
2.2.3. 
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2.2 Gauge theory side 



2.2.1 General aspects 



In this section, we discuss general aspects of the gauge side, not restricted to SU(2) sectors. We 
consider orbifold field theories originating from M = 4 super Yang- Mills theory. Starting from U (NM) 
J\f = 4 SYM, we project fields in M = 4 theory onto Zm invariant components. Fields surviving the 
projection satisfy 

= 7 t( r . 0) 7 , (20) 

where 7 = diag(l,u;, . . . ,uj m ~ 1 ) acting on gauge index and r is representation of orbifold action on 
fields with internal space indices. At the beginning, all fields in N = 4 SYM are adjoint representation 
and NM x NM matrices. Due to this projection, the gauge groups become U(N)i x U(N)2 x • • • x 
U(N)m- The Zm actions on the C 3 for M = 2 case are indicated in So, the projection conditions 
for the complex scalar fields are 



y f Y 7 = uX, 7^7 = to~ l Y, 7^7 = Z 



(21) 



The components which survive the projection are the following. 



{Zu 



\ 



\ 



Z22 



Z 



( 



MM J 



X12 

x 23 



Ml 



J 



Y21 

Y32 

V 



YiaA 



(22) 



Each component is N x N matrix and is complex scalar part of chiral superfield in terms of Af = 1 
supersymmetry. Za is adjoint scalar field of the i-th U(N) gauge group and scalar component of 
vector multiplet in M = 2 context. Xiu^ is bifundamental representation of gauge groups, N for 
i-th gauge group and N for i + 1-th gauge group 2 . Yn^^ is bifundamental representation, for z-th 
gauge group and iV for i + 1-th gauge group. The two chiral superfields, corresponding to X^u^ 



and Yi 



form hypermultiplet in bifundamental representation in J\f 



2 context. -Xj^j+i) and the 



Hermite conjugate of Y(j + i) j form a doublet of SU(2)r symmetry. This i?-symmetry is a part of SO(6) 
R-symmetry of the original theory and remains as a global symmetry in the orbifold field theory. On 
the other hand, X and Y have formed a doublet of SU(2)l C SO(6) in the M = 4 theory. How- 
ever, this SU (2) l symmetry is broken by orbifolding and is not global symmetry of the orbifold theory. 



Arguments of the rest of this subsection is applied not only to the N = 2 cases but also to more 
general orbifold cases in Section 3. 

In our paper, We does not decompose the NM x NM matrix to N x N matrix. That is, we treat 
the single trace operators which have the following form, 

tvXXYZY^X ■■■ , (23) 
2 We denote this type of bifundamental representation as + 1). 
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where X, Y and Z are NM x NM matrices of (|22|) and the trace is gauge index trace. Using this 
operator, we need not to specify which gauge group each field belongs to. More carefully, in order 
to take account of all gauge invariant operators we have to introduce the 'twisted sectors' of the 
operators, 

trjkXXYZY^X • • • , (24) 

where 

7fc = diag(l,w k ,w 2k ,...,w ( - M - 1)k ), w = e 2ni/M . k = 1, 2, . . . , M - 1 (25) 

We call these operators twisted operators. On the other hand, the operators of (|23|) correspond to 
k = and we call these untwisted operators. 

The operators with different twist number k are not mixed in 2-point function. This is due to 
7Lm symmetry which orbifold field theory has. An element g = e 2 ™/ M in this 1*m acts on arbitrary 
field (fiij of field theory as g : (j>i,j — > j+i.(i and j denote i-th gauge group and j-th gauge group, 
respectively.) Then, this acts on single trace operator as g : ti^f^XXY • • • — » uj~ k tr^kXXY ■ ■ ■ . This 
means that operators with twist number k are eigenstate of this Zjw symmetry and have eigenvalue 
u -k £ or e i emen t g_ Then, 2-point function between operators with different twist number, vanishes. 
Hence, we can treat each sector separately. 

The trace of operators requires that SO (6) charge (J%, J2, J3) of operators should satisfy J\ — J2 = 
mod M in the M = 2 case. If otherwise, diagonal parts of the operators are zero matrices and the 
operators vanish by the trace. This fact can be seen as following. 

trjkXYXY^Z ■ ■ ■ =t^ k ^ l -iiXYXY ] Z ■■■ = u^t^^f 1 X ll YXY ] Z ■ ■ ■ 

=w-( 1 - 1 Hr7 fe 7f 1 XYi 1 XY^Z ■■■ = ..■ = u-^-^Iy^^XYXY^Z ■ ■ ■ 
=UJ -{Ji~ J *)tY lk XYXY ] Z ■■■ . (26) 

So, the invariant condition ()14j) is automatically satisfied in field theory side. It is easy to generalize 
this fact to more general C 3 /Z^ orbifold cases in Section 3. 

In the planar limit, anomalous dimension matrix of untwisted operators {k = 0) in orbifold theory 
is the same as that of N = 4 theory. In orbifold theory, vertices of Feynman diagram are inherited 
from J\f = 4 SYM. Hence, the number of fields of each Lorentz type which run loops are the same as 
that of diagrams in N = 4 U(N) SYM. Then, we obtain the same anomalous dimension matrix as 
N = 4 SU (N) SYM case. We explain this fact in Appendix. This agreement could also be explained 
by 'inherited principle' of [37| 136]. 

However, for twisted sectors of operators (k ^ 0) there is a subtlety about interactions between 
the L-th site and the first {{L + l)-th) site. That is, the interactions involving the L-th site and first 
site step the matrix jj. and may generate additional phase shift. Hence, the Feynman diagrams which 
have an interaction between the L-th site and the first site may have these phase shifts. Whether 
this shift occurs or not depends on an order of gauge group at the interaction point. When the phase 
shifts occur in some of these diagrams, the anomalous dimension matrix is not the same as that of 
untwisted sector. Nevertheless, we can resolve this subtlety and we find that the spin chain systems 
corresponding to these twisted sectors of operators are also solvable. We will see concrete examples 
of this fact in the following subsections. 
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2.2.2 XXX spin chain corresponding to SU(2)r symmetry 

Let us consider SU(2) subsectors. SU(2) subsectors, not only SU(2)r but also others, are closed for 
loop corrections, the feature inherited from the M = 4 SYM|22]. We consider operators of SU(2)r sub- 
sector in this subsection. This SU(2)r is a global symmetry of the orbifold theory we are considering. 
The single trace operators in SU{2)r subsector have the following form 

Ttj k X Jl Y jlJ21 + permutations. (Ji > 0, J 2 < 0) (27) 

X and form a doublet of SU{2)r. These operators have the SO(6) charges (Ji, J2, 0) and should 
correspond to the strings with these charges. The circular strings with these charges are constructed 
in the above and have the energy (|17|) . 

We treat X as an up-spin and y f as a down-spin. More precisely, for the first site, fist site (list site) 
is identified as ^ k X(-f k Y^). Periodic boundary condition fL+ith site=Tist site, J.L+ith site=list site is 
imposed. We denote ti{^ k XY^ XXY^ • • • ) as | TITTI • • • )k, where a suffix k means that this state 
corresponds to a operator with twist number k. We assume J\ > | J2] > and take | ft • • • ]) k as 
ground state. Both of X, Y* are (i, i + 1) type bi- fundamentals. So, the sequence of gauge groups i, 
which denote i-th gauge group, in the trace is one-way. The phase shift for twisted sector mentioned 
above does not happen in this case (See Fig. Then a one-loop anomalous dimension matrix for 
any twist number sector of operators is the same as that of SU (2) subsector in N = 4 SYM. 

A L 

D\-\oop = - 07 • 07+1), (28) 

n 1=1 

where o\ are the Pauli matrices which act on the spin at the Z-th site. This takes the form of a 
Hamiltonian of the XXX]y 2 Heisenberg spin chain. The boundary condition is periodic now. This 
model is solvable by Bethe ansatz. Bethe equations are 

Uj + l/2 L = yr Uj -Uj+t 

Compared to N = 4 case, Only difference is in a translation condition. In the presence of 7^, the 
cyclicity of the trace imposes the following condition, 

tr7 fc 0i ■■■4>l= ^4>Llk4>\ ■■■ = w k tr-f k (J) L (j) 1 • • • , (30) 

where 4>i represent X or Y^ field. So, the translation condition for the spin chain states becomes 

T|state)fc = u> _fe |state)fc, (31) 

where T = e tP is the operator which translate each site to the right by a site. In terms of Bethe roots 
this condition is described as 

j=i j 
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i i+J i+J i+J i+J i+2 

<i>3 y, + 



Sequence of ■ 
the gauge groups 

L-th site 




L+l -th site 
(7 st site) 




Figure 1: Interaction between the L-th site and the first ((L + l)-th) site. Each <f> is X or and i, 
i + 1 and i + 2 represent the gauge groups. 



The anomalous dimensions, which are proportional to energies of the spin chain, take the following 
form, 

|Ja| 



A 



7 



1 



8vr 2Z^ n 2 + 1/4 - 

Rescaling Ui = Lxi and taking large L limit, the logarithms of ([29)1 . (|H2^1 become 



(33) 



1_ = 2 1*1 
L ^ 

1 |Ja| 1 



27r(m + 



27rn. n G 



AT 



m s 



(34) 



(35) 



where we assume that all mode numbers of the Bethe equations are n. The anomalous dimension of 
(f33|) becomes in the large L expansion, 



A 



7 



8vr 2 L 2 



|Ja| x 
^2' 



(36) 



The equations (|34j). (|33|) can be solved by various methods [2*T| liH] . The solutions are rational type. 
We will outline one of the methods in Appendix. Using these solutions, we obtain the anomalous 
dimensions from ()36|) .fAlso see Appendix.) Leading terms of these in large L expansion are 



7 = —{m + k/M)(n -m- k/M). 
1L 



(37) 



Note that (m + k/M) has the same sign as n and (n — (m + k/M)) also has the same sign as n.(See 
Appendix.) Hence, identifying that m\ = m + k/M,ni2 = n — (m + k/M) and remembering that ni2 
has the same sign as mi, this result agrees with (|17[). Especially, we can see from this result that the 
twisted sectors of the strings are dual to the twisted sectors of the operators. 
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2.2.3 XXX spin chain with twisted boundary condition corresponding to broken SU(2) 
symmetry 

Next, we consider spin chains corresponding to SU(2) symmetries broken by orbifolding. One of 
examples is the SU (2) l sector, which consists of the following operators, 

trj k X Jl Y j2 + permutations. (J\, J 2 > 0) (38) 

X and Y fields form a doublet of SU(2)l symmetry, which is broken by orbifolding. These operators 
should correspond to string states with charges J±, J2 > 0. Such a string state was constructed in the 
previous section and the string energy was (|18|). We identify X(Y) as up-spin(down-spin). As like in 
SU (2)ij case, the first site state tist site (1 1st site) is identified 'jk^i'ykY). A periodic boundary condition 
between the first site and the L + 1th site is imposed. We assume J\ > J2 and take | TT ' ' ' T)fc as the 
ground state. 

X field is a (i, i+ l)-type operator but Y field is a (i, i — l)-type operator. Hence the sequence of 
the gauge groups in the trace of the operator is not one-way but zigzag. This causes the phase shifts 
of interactions between the L-th site and the first {{L + l)-th) site. Indeed the interactions which 
interchange an up-spin and a down-spin generate the phase shifts. At these interactions, the sequence 
of the gauge groups changes between two traces of two operators which correlate with each other. This 
difference generates phase shift. These type of interaction vertices are included by F-term potential 
tr|[A, Y]\ 2 . The interactions which generate the phase shifts are shown in Fig. |2 On the other hand 
if the interaction is proportional to the identity operator on the spin chain states, the sequence of the 
gauge groups does not change between two traces and the phase shift does not occur. 

In the existence of the phase shifts, the one-loop anomalous dimension matrix does not agree with 
XXX-spin chain Hamiltonian (|28j). However, by changing the basis of the spin chain to 



IlL+l-th site)*: — uw 2k \ J-L+l-th site)fc> if L+l-th site)fc — u \ tL+l-th site)fc> (39) 
lli-th sitc)fc = I li-th site)fc> ITi-th site)fc = I Ti-th site)fc> = 1; • • • j L) (40) 

the phase shifts are cancelled and the one-loop anomalous dimension matrix becomes the same as 
(j28j) . u is an arbitrary phase. In other words, we can regard our model as XXX spin chain of ||) and 
||) with Hamiltonian (|28|) and with twisted boundary condition, 

lllst site)* = ^^IlL+l-th site)fc> if 1st site)fc = ^iTL+l-th site)fc- (41) 

The Hamiltonian preserves SU(2) symmetry, but this boundary condition breaks this symmetry. This 
system is exactly solvable by Beth ansatz with a slight modification 30 . Since it is convenient for 
the ground state to be periodic along the spin chain, we choose u = 1. With the twisted boundary 
condition, Bethe equations become 



■w 



2k ( Uj+j/2 \ L = yr Uj - Uj + j 
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( i+q i+q i+q i+q i+(p+q) 

b + yt a + 




= CO 



k(p-q) 



A B 

i i+p i+p i+p i+p i+(p+q) 
L-th site L+l-th site 

( I st site) 

(' i+p i+p i+p i+p i+(p+q) 

a + yt B + 




= CO 



-k(p-q) 



b y* a 

( i+q i+q i+q i+q i+(p+q) 
L-th site L+l-th site 

(1 st site) 



i i+q i+q i+(p+q) 

B + A + 




A B 

i i+p i+p i+(p+q) 



i i+p i+p i+(p+q) 
A + B + 




B A 

i i+q i+q i+(p+q) 



Figure 2: The interactions which generate the phase shift at the end (the beginning) of the chain. A 
and B are fields consisting of operators. A is +p)-type and B is + q)-type operator. In the 
SU(2) L case, A = X, B = Y and p = 1, q = -1. 



Only difference to the periodic case is phase factor w 2k in the l.h.s., which reflects twisted boundary 
condition (|41j) . The cyclicity of trace indicates 



tr 7fc XY ■■■(/) = w ka 3 ti lk (j)XY 



(43) 



where <p is X or Y field and a^f = 1 and = — 1. This relation can be rewritten in terms of the spin 
chain, 



n---4>)k = w k ^\cj>n---)k 

; k4 w Ki-<Ti) T \ n . . . Q k = w k T \ n . . . : 



w 



(44) 



where <j) represents | or | appropriately. When going to the second line, we used the twisted boundary 
condition, |^i st s ite)fc = ^^ 1_cr3 ^|0L+i-th sito)fc- Using the Bethe roots, the equation (|H)) can be written 

as 



11 Ui - i 2 

.7=1 J 



(45) 
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An expression of the energy in terms of the Bethe roots is the same as (|3c>|) . Taking logarithms of (|42j) 
and (|45|) and taking large L expansion, we obtain 

1 2 ^ 2 1 k 

— = - V 2vr(n + 2— ). neZ (46) 

I^-U^+A), meZ (47) 

where we rescale tij = Lxi. Solving these equations and using (jSE}, we obtain leading terms of the 
anomalous dimensions in the large L expansion, 

7 = 2 T (m + ^ :)(n - m + ^ ) - (48) 

Note that m + k/M, n + 2k/M and (n + 2k/M) — (m + /c/M) all have the same sign. (See Appendix.) 
So, identifying mi = (m + -p), -m2 = (n + 2-^) — (m + -^-) and remembering iri2 has the opposite 
sign to mi, the result (fi51) agrees with (fTH|) . Also in this case, we can see that the twisted string states 
correspond to the twisted sectors of the operators. 

X, Z case Let us look at one more example of spin chains associated with other broken SU(2)s. We 
consider the operators consisting of X and Z fields, which form a doublet of SU{2) C SO(6) in the 
original J\f = 4 theory. This SU (2) is broken in the orbifold theory we are considering. The argument 
is almost parallel to that of SU{2)l case. The spin chain corresponding to this (X, Z) system is a 
XXX spin chain of the Hamiltonian (|28ft with twisted boundary condition, which has the following 
properties 3 . 

T|state)fc = u) _fc |state)fc, (49) 

I T 1st site) k = I T(L+l)th site)fc, (50) 
I list site)fc = W k \ |(L+l)th site)fc- (51) 

The anomalous dimensions can be obtained by solving the corresponding Bethe ansatz and the result 

is A A; 

7 = — (m + — )(n — m). m, n € TL (52) 

Here, m + k/M, n + k/M and (n + k/M) — (m + k/M) have the same sign. Then, identifying 
mi = m + k/M and — 7713 = (n + k/M) — {m + k/M) and remembering that WI3 has the opposite sign 
to mi, this agrees with (|19|) . 



3 SU{2) sectors of more general C 3 /Zm orbifolds. 

In this section, we show that the integrabilities of the gauge side and the agreements between the 
string side and the gauge side in SU(2) sectors hold even in J\f = 1 or non-supersymmetric orb- 
3 From here on, even when we change a basis of spin chain to a new set, we denote new basis as f , J, without tilde. 
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ifolds. Hence, we allow Z^/ orbifold action arbitrary. That is, we consider orbifold (X, Y, Z) ~ 

(uf*x, upyy, lupzz), (px,py,pz e z). 

3.1 Correspondence of rational solutions 

We consider a SU(2) subsector consisting of complex scalars A, B. Let the identification by orbifolding 
on these fields be (A, B) ~ (ui p A,uj q B). Here, the integers p, q take values in [— (M— 1), (M— 1)]. In the 
M = 2 cases of the previous section, the SU(2)r case corresponds to A = X, B = Y* and p = q = 1, 
the SU{2)l case to j4 = X, = 1" and p = 1, g = — 1 and the (X, case to ^4 = X, B = Z and 
p = l, g = 0. 

First, let us consider the string side. We consider 2-spin circular strings as in the case of N = 2. 
The generalization of the result of the previous section is straightforward. The string energy in present 
case becomes 

E - L = -^m A m B , 
m A = {m A + ^ 1 k), -m B = (m B - -^-k), m4,m B eZ. (53) 

Here we assume J a, Jb > 0. Hence, tub needs to have the opposite sign to wia- 

Next let us go to the field theory side. A is +p)-type bifundamental and B is + </)-type 
bifundamental of the gauge groups. We regard A(B) as up-spin(down-spin). We assume J a > Jb and 
take | j | ■ ■ ■ as ground state. In this theory, supersymmetry may not exist. However, vertices of 
interactions are inherited from the original theory and there are two types of scalar potentials, one from 
D-term and the other from F-term. Like in the N = 2 case, the vertices from the D-term potential 
are proportional to identity matrix in the spin chain system. The F-term includes the vertices which 
permute neighbouring spins. These interactions generate the phase shifts between the L-th site and 
the first site, if p — q ^ mod M.(See figM) These phase shifts can be cancelled by the twisted 
boundary condition as in the previous case, 

I list sitc)fc = W k( > P J.L+1-th site), I list site) = | TL+l-th site)- (54) 

The Hamiltonian of this spin chain is (|28fl . The cyclicity of the trace means 

tr 7fc • • • A = w kp ti-f k A • • • , (55) 
tr 7fc • • • B = w kq tr lk B ■■■ . (56) 

So, a translation condition becomes 

r|state) fe = tiT fcp |state) fc . (57) 
From these settings, we can obtain Bethe equations and a translation condition in terms of Bethe 
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roots, 

(^i) 1 - n *^±f «*> 

j=i ^ 

Taking logarithms of these equations and taking large L limit, these equations become 

£-! E ^-^»+* E s ! )- " eZ < 60 > 

-J2- = -27r(m + kj^). toGZ (61) 
i=l 1 

Here we rescale it, = Lxj. The expression of anomalous dimensions in terms of Bethe roots is the 
same as in the previous examples. Solving above equations, the anomalous dimension becomes 

7 = 2Z*- m + J? fc )( n ~ m ~ J^ k )- m ,neZ (62) 

Notice that (m + -&k), (n + ^jfk) and (n + ^fk) — (m + jrk) have the same sign. (See Appendix.) 
Hence, identifying uia = m+ jjk, -me = (n + ^jj-k) — (to + -feA;) and remembering that me has the 
opposite sign to to^, this agrees with the result of the string side (|53[). 

3.2 Agreement of sigma models from string side and gauge side 

In this subsection, we will see an agreement of sigma models of both sides. From the spin chain side, 
we can obtain a sigma model action by a continuum limit. On the string side, an action which describe 
a string with large angular momentum in a S 3 part of S 5 is obtained. These two actions are the same 
as each other in the N = 4 case|15j. We generalize this to the orbifold cases. The argument is almost 
the same as that of the original case except for boundary conditions. Hence, we will not write details 
but things that are peculiar to orbifold cases. 

The identification by orbifolding is (A, B) ~ (to p A, u q B). The boundary condition for the spin 
chain is 

I list site)*: = w~ k<yP ~ q ^ 2 \ tL+l-th site)*:, | list site)* = W k( - P ~ Q ^ 2 \ J.L+1-th site)fc 5 (63) 

where we shift an overall phase e~ k ( p ~ q ^ 2 compared to l)54JI by using an arbitrary overall phase 
factor(See 1)4 ljl ). This is done in order to make boundary condition for </>(<r)(see below) become well- 
defined. By the effect of the change of the overall phase, the translation condition is also changed to 

T|state) fe = e- fc(p+<?)/2 |state) fe . (64) 
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One can introduce a continuous set of states 

\n) k = e^ 2 cos#/2| ]) k - e~^ 2 sin 6/2\ [) k . (65) 

Here, n = (sin cos 0, sin # sin 0, cos 6). Taking large number of sites limit and labelling positions of 
the sites by a, functions <p(a), 6(a) become continuous. When going around the chain, a state |n) 
should go back an initial state. Taking account of (|("""]) . this means that a boundary conditions for 
4>((j) are 

^(27r + a)=0(a)-27rfc^ (66) 
The following sigma model action is obtained by path-integral|15| 4 . 

S = -— ! dadtcos0d> — [ dadt((d a 6) 2 + sin 2 6(d a (f)) 2 . (67) 

Air J \QttL J 

The momentum condition (|64j) dictates that the momentum along the u-direction becomes 

P=^J T 01 da = -\J cofl WW = "2-^1^. (68) 

Next, let us move to the string side. We are interested in Rt x 5 3 motion of the string. Rt is time 
direction of global coordinate of AdS§ and S" 3 is a part of S 5 . The metric is 

ds 2 = -dt 2 + = -dt 2 + dip 2 + cos ipd<f>i + sin ^d<pl . (69) 

A, B are expressed in these coordinates as A = cos^e*^ 1 , B = sinipe 1 ^ 2 . The identification by 
orbifolding is (4>\, (j) 2 ) ~ (4>i + 2vr^-, (j) 2 + 2ttjj). One changes the coordinate to <j>i = tpx + </?2, 02 = 
V 9 ! ~ and obtains a metric 

ds 2 = -(it 2 + (iV> 2 + (it/? 2 + (i^ + 2 cos(2ip)dipidip 2 . (70) 

We are considering string motion with large angular momentum L = J\ + J 2 . In the new coordinate, 
this corresponds to fast motion along ip\. One can subtract motion of (pi direction from the Polyakov 
action in (|7U|), A resulting sigma model action has the same form as the action (|67jl from the spin 
chain, if we identify (p 2 = —\ ( \>- l V' = \® E3- Boundary conditions for cpx, ip 2 are 

^(a + 2^) = ^(a) + 2vr^|±^, (71) 

^ 2 (cT + 2vr) = ^(a) + 2vrM|_^. (72) 

The Virasoro constraint imposes 

J dacos(2ij)d a <p 2 = - f dad <pi = -2 ^ ( ^ g) . (73) 

where we use the equation (|71|1. Remembering ip 2 = —\4>, ift = \6, the equations ((72*)) and (|73*|) agree 
with the equations (|66|) and (|68j) . respectively. We confirmed the agreement between sigma models of 
both sides. 



4 We take < a < 2-7T. In 1151. a is taken from to L. 
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4 577(3) sectors 



In this section, we investigate 577(3) subsectors of 50(6). We consider a sector of three complex 
scalars (coordinates) A, B and C, and take orbifold action so that identification by orbifolding becomes 
(A, B, C) ~ (e 2wi MA, e 2m MB, e 2ni irC). In the gauge theory side, we consider single trace operators 
of the following form, 

trj k A Jl B j2 C j3 + permutations. (74) 

A is in (i, i + p) bi-fundamental representation of the gauge groups. B is a (i, T+ q)-type and C is a 
(i, i + r)-type. 

The argument of the one-loop anomalous dimension matrix is almost parallel to SU (2) cases. As 
explained in the previous section, the one-loop anomalous dimension matrix of the untwisted sector 
of the operators is the same as that of N = 4 SYM, that is, a Hamiltonian of the SU{3) XXX spin 
chain, 

\ l=L 

7J W oa P = g^I>-iW, (75) 
1=1 

where Pij+i is a permutation operator between the l-th. site and the I + 1-th site. A boundary 
condition is periodic. This model is solvable. On the other hand, the anomalous dimension matrices 
of the twisted sectors of the operators may have the phase shifts between the L + l-th site and the 
first site. As in the SU(2) cases, these phases can be cancelled by twisted boundary conditions. As a 
result, the twisted sectors are regarded as the SU(3) XXX spin chains (|75|l with the twisted boundary 
conditions. 



4.1 Agreement of sigma models from both sides 

Now, we extend the argument of the sigma model agreement in previous section to the SU(3) case. 
In the J\f = 4 case, the SU(3) generalization was done in |18j . 

We regard A, B and C as spin chain states |1), |2) and |3), respectively. By the same argument 
as the SU (2) cases, we take twisted boundary conditions, 

| J-lst-site/fc — e 2M |lL+lth-site/fc> Klst-site/fc — e 2M |^L+lth-site/fc, 

|3ist-site) fc = e 2m ^ (£ ^- r) |3 L+ i th . site ) fc , (76) 
A Hamiltonian of this system is ([75 1). In this boundary condition, the cyclicity of the trace means 

r|state) fc = e~ 27ri ^M-|state) fc . (77) 

We introduce coherent states 

\n) k = cos | cos |e^ 2 |l) fc - cos | sin |e-^ 2 |2) fc + sin |e^ 2 |3) fc (78) 
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In large number of sites limit, one obtains an action [T%] 

S = — — / dadt (sin 2 — x + cos 2 — cos 6i4>) 
47r J 2 2 

" 16^1 / dad * ( ^ 2 + C ° s2 l ( ^ 2 + Shl2 + Sin2 I C ° s2 f (x ' " C ° S 010/)2) ' (79) 

where the dot and prime denote the derivative of t and a, respectively. The SU(2) action of the 
previous section is obtain by 02 = and 0\ = 6 here. A periodic condition for |n) imposes boundary 
conditions for 4>(a), x(cr), 

0( CT + 27r) = 0(a)-27r^^, (80) 
x(<t + 2tt) = x ( fT )+2vrA( p + (7 _2r). (81) 
The translation condition l|77jl means 

D - 27F / J T 1 / , / ■ 2 #2 / . 2 #2 fl ,/v ^(P + q) 

P = — / dcrToi = ~2 d(J ( sm -J X + COS y cos6l i^ ) = ~ 2lT 2M ' ^ ' 

Next, consider the string side. In the SU(3) sector, a string rotates in R t x S 5 . The relevant part 
of the metric is 

ds 2 = -dt 2 + dQj = -dt 2 + d6 2 + sin 2 0d$j + cos 2 9(d^ 2 + cos 2 V#? + sin 2 ( 83 ) 



A, B and C is expressed by these coordinates as A = cos 6 cos tpe 1 ^ 1 , = cos 9 sin 0e*^ 2 , C = sin 9e lr ^ 3 
The identification by orbifolding is expressed as (</>i, 02, 03 ) ~ (0i + 27r-Jj, 02 + 2k jj, 03 + ^j?)- 
Introducing next coordinates 



01 = ^1+^2, fa = <Pi - <P2, 3 = ^i + a> (84) 

then the metric becomes 

ds 2 = - dt 2 + d9 2 + sin 2 9da 2 + 2 sin 2 Odadipx + dipj 

+ cos 2 9(d^ 2 + 2 cos(2^)# 2 #i + cfy>!)- (85) 

In the new coordinate, the string coordinates have the following boundary conditions, 

^ 1 (a + 2^) = 95l (a) + 2vrM|±^ ! (86) 

^ 2 (a + 2tt) = ^(a) + 27r fc( ^ M 9) , (87) 

a(a + 2tt) = a(<r) + 2vr A( r _ £+«). (88) 

One consider a string with large angular momentum along to cpi in this background. Subtracting this 
fast motion from the Polyakov action in (|85|) . the action becomes the same as that of the spin chain 
CSl with identifying 6 = %, = % , ¥2 = -%, a = -§ Q2]. 
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The Virasoro constraint imposes 



dcr(cos 2 6 cos(2ifj)ip' 2 



+ sin' 




mi+m 2 + 



k(p + q) 
M 



) 



(89) 



where we use (|86|). Remembering 9 = ift = -y, ^2 = — f > a = — ^, the equations (|S7|) . (|55)) and 
(JHHI) are equivalent to the equations (jHOJ, (JHH and lfg2|). 

5 Conclusions 

In this paper, we have shown the agreements, at one-loop level of field theory, between the energies of 
the semiclassical strings in AdS^, x S^/Zjvf and the anomalous dimensions of the long length operators 
of N = 0, 1, 2 planar orbifold field theories originating from J\f = 4 SYM. On the gauge theory side, 
we have found that the orbifold field theories have the integrabilities in SU (2) and SU(3) sectors even 
when these symmetries are broken by the orbifold action. For an untwisted sector of operators, a corre- 
sponding spin chain is a SU(2)(SU (3)) XXX spin chain with periodic boundary condition. For twisted 
sectors of operators, if this SU(2)(SU(3)) is global symmetry of the orbifold theory, corresponding 
spin chain models are also XXX spin chains with periodic boundary condition. On the other hand, 
in the case of the broken symmetry, spin chains corresponding to twisted sectors of operators become 
XXX spin chains with twisted boundary condition. These facts suggest that 5C/(2,2|4) super spin 
chains with twisted boundary condition correspond to anomalous dimension matrices of full-sector 
operators in orbifold theories. This may be the case even for the non-supersymmetric orbifold field 
theories. 

With the spin chains corresponding to the orbifold theories in hand, we compared the 2-spin 
circular string solutions of the strings in AdS§ x S 5 /Z,m to the rational solutions of the SU(2) XXX 
spin chain. We saw the agreement between the energies of the strings and the anomalous dimensions of 
the operators at one-loop level. Especially, the strings in the twisted sectors correspond to the 'twisted 
sectors' of the operators. Furthermore, we have generalized the agreements between the sigma models 
of string and gauge sides to the orbifold cases. This is done for SU(2) sectors and SU(3) sectors. 

Finally, let us briefly discuss higher loops. Also at higher loops, the phase shifts born at interactions 
which step 7^ are cancelled by the same twisted boundary condition as at one-loop level. Then, 
corresponding spin chain is the same as that in M = 4 case [251 I26j except for twisted boundary 
condition. Hence, the agreements of string energies and anomalous dimensions would hold in higher 
loop level, if these hold in M = 4 case. It is known that this agreement survive at 2-loop level, but 
there are discrepancy at 3-loop level in N = 4 case |25l I26j . So, this would be the case for orbifold 
cases we consider. 

It would be interesting to expand our results to more broaden class of operators, say full-sector of 
operators. 
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A Anomalous dimension matrix in untwisted sector of operators 

We consider untwisted operators consisting of X, Y fields in N = 2 case. These are NM x NM 
matrix valued fields (|22jl . The operators we consider have the form of trXXY • • • , etc. Arguments in 
this section can be applied also to SU(2)(SU(3)) subsectors of Sec. 3(Sec. 4). 

There are three types of diagrams figCU which contribute to renormalization Z-factor. Vertices of 




(a) (b) (c) 
Figure 3: Diagrams which contribute to Z-factor. 

orbifold theory are inherited from J\f = 4 U{NM) SYM. Hence, there is one to one correspondence 
between diagrams of orbifold theory and diagrams of N = 4 SYM. Furthermore, contribution of each 
diagram to Z-factor in orbifold theory agrees with that in M = 4 U(N) SYM. Let us explain the last 
statement. 

It is convenient to see diagrams in terms of component fields, which is N x N matrix valued 
(X12, Y21, -Y45, etc). For instance, in a diagram consisting of NM x NM matrix valued fields X, 
X and if) of the orbifold theory (figEfA)), there is only one diagram which is concerned with a field 
Xi t i + i (fig|IfB)). In fig^B), fields which run a loop are bifundamental fermions which are N x N 
matrices. Let us compare the diagram figEjB) with a diagram of N = 4 U(N) SYM (figE^C)). In 
figElC), fields which run a loop are adjoint fermions which are N x N matrices and then, the value 
of this diagram is the same as that of the diagram of figEfB). This fact is true for each N x N valued 
component fields. Since the diagram figE^A) is merely linear summation of the diagram figEf B) for 
each component field, a contribution of figEJ^A) to Z-factor in orbifold theory is the same as that of 
figEtC) to Z-factor in Af = 4 U(N) SYM. This fact is approved for other dia grams in figEl Therefore 
a form of anomalous dimension matrix of untwisted operators in orbifold theory is the same as that 
of M = 4 U(N) SYM. 

B Rational solutions of Bethe equations 

Here, we outline how to solve Bethe equations and translation condition in large L limit and obtain 
anomalous dimension using the solutions. We use a method which are described in Appendix of |43j . 
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x x u+1 x^ 4 U(N) 




X X iJ+1 X X=4 U(N) 

(A) (B) (C) 



Figure 4: Diagram from yukawa coupling trX^x^P- A diagram (A) consist of NM x NM matrix 
valued fields (|22|) in orbifold theory. \ ls gaugino and ip is N = 1 superpartner of X. This diagram 
(A) includes only one diagram (B) which is concerned with a component field -X"i i+i, which is an 
N x N matrix. Suffix of field Xj^+i, Xi,ii fyj+l represent gauge group 'name'. A diagram (C) is a 
corresponding diagram of AA = 4 U(N) SYM. 



For details, we would like to refer to the original paper. 
The equations we consider are 



- = T V -J— -27m, (90) 



J 



If 1 

tE- = - 2 ™> ( 91 ) 



i=l ^ 

where m and n are not necessarily integers. Let us define the resolvent 

<*■')- zk-^r,- < 92 > 

The total momentum and total energy, which is proportional to anomalous dimension of spin chain 
are described in terms of the resolvent 

P = -G(0), 7 = "^ Z G'(0). (93) 

Multiplying ()9(J|) by x ^ x . and summing over i and using Q91|) appropriately, we obtain 

xG 2 {x) = G(x) + 2irnxG(x) - 2vrm, (94) 

where we drop a term of subleading in expansion. This is quadratic equation of G{x) and solution 
iS 1 



G(x) = — (1 + 2-kux - J (I + 2vrnx) 2 - 8vrma;). (95) 
2x 

This G(x) goes to ^ in x — > oo. This value should be equal to -j-. Hence, 4 = ^ is imposed. So, m 
must have the same sign as n. Furthermore, Bethe ansatz assume 4- < |, so this imposes |n| > 2|m|. 
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From these facts, (n — m) has the same sign as m and n. Anyway, using the solution, we can obtain 
the anomalous dimension, 

7 = — m(n — m). (96) 
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